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We experimentally and theoretically investigate the microwave transmission line shape of the
cavity-magnon-polariton (CMP) created by inserting a low damping magnetic insulator into a
high quality 3D microwave cavity. While fixed field measurements are found to have the expected
Lorentzian characteristic, at fixed frequencies the field swept line shape is in general asymmetric.
Such fixed frequency measurements demonstrate that microwave transmission can be used to access
magnetic characteristics of the CMP, such as the field line width ∆H. By developing an effective
oscillator model of the microwave transmission we show that these line shape features are general
characteristics of harmonic coupling. At the same time, at the classical level the underlying physical
mechanism of the CMP is electrodynamic phase correlation and a second model based on this prin-
ciple also accurately reproduces the experimental line shape features. In order to understand the
microscopic origin of the effective coupled oscillator model and to allow for future studies of CMP
phenomena to extend into the quantum regime, we develop a third, microscopic description, based
on a Green’s function formalism. Using this method we calculate the transmission spectra and find
good agreement with the experimental results.
PACS numbers: 71.36.+c, 76.50.+g, 42.50.Dv, 05.45.Xt, 03.65.Ge
Keywords: cavity-magnon-polariton, strong-coupling, microwave cavity, ferromagnetic resonance
I. INTRODUCTION
Strong light-matter interactions in condensed matter
systems are a rich source of physics, underlying such im-
portant concepts as the polariton1 while holding the key
to new technological development, such as quantum in-
formation processing. In this direction much work has
recently been devoted to the strong magnon-photon in-
teractions between low loss magnetic materials and high
quality microwave cavities/resonators,2–22 motivated by
the potential for large coherent coupling in magnetically
ordered systems.23,24 Initial experiments demonstrated
such phenomena at low temperatures2,3 however strong
spin-photon coupling at room temperature was soon
realized.4,5 Such work has provided the foundation for
many exciting new possibilities such as cavity mediated
coupling of spatially separated magnetic moments,14 cav-
ity mediated qubit-magnon coupling,8,9 the merging of
quantum optics and spintronics through the use of whis-
pering gallery modes,16–19 the possible integration of mi-
crowave, optical and magnonic systems25 and the devel-
opment of magnon dark mode memory architectures.21
While much of the recent work has focused on the po-
tential of strong spin-photon coupling for quantum infor-
mation technologies, from the spintronics perspective15
these interactions are also remarkably interesting since
they may be detected both optically through mi-
crowave transmission and electrically via spin pumping
measurements.5,22 This is made even more important
due to the coherent nature of the spin-photon coupling
via the cavity-magnon-polariton (CMP) which originates
in the electrodynamic coupling between ferromagnetic
resonance (FMR) and the microwave cavity mode.5 In
spintronic systems coherence phenomena have previously
been manifested in various line shape symmetries26–28
and therefore as a further step towards coherent spin
current control it is important to develop a better un-
derstanding of the CMP line shape. A detailed experi-
mental and theoretical analysis of the CMP microwave
transmission line shape is the focus of this work.
Previously the microwave transmission spectra in
strongly coupled spin-photon systems has been described
using the input-output formalism of quantum optics,2
where the input and output microwave powers are de-
termined by the photon occupation number.29,30 How-
ever typical spintronic systems operate in the semi clas-
sical regime, and although the input-output formalism
becomes semi classical in the absence of anharmonicity,
an explicitly classical description based on simple phys-
ical considerations which is easily extendable to multi
mode coupling would provide a practical and useful anal-
ysis tool for spintronic applications. In this context we
present such a description which accurately explains our
experimental findings. Nevertheless the link between the
classical and quantum descriptions is of interest and can
be systematically studied by applying a Green’s function
formalism to the microscopic theory. Within this frame-
work we again accurately reproduce our experimental re-
sults.
To properly characterize a strongly coupled magnon-
photon system it is necessary to measure both the
field and frequency dependence of the microwave trans-
mission, performing a two dimensional measurement
|S21 (ω,H) |2. In Sec. II we describe the experimental
details of such measurements and highlight the impor-
tant line shape features, examining both the fixed field,
|S21 (ω) |2, and fixed frequency, |S21 (H) |2, line shapes.
In particular we find that while |S21 (ω) |2 exhibits two
symmetric resonances, corresponding to the anti cross-
ing of the coupled cavity/FMR mode, the |S21 (H) |2
line shape is generally asymmetric and this asymmetry
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2is controllable by the microwave frequency ω. To ex-
plain these line shape features in a general context, in
Sec. IV we present a coupled oscillator model which ac-
curately captures the key experimental features and can
easily be generalized to describe multiple cavity/multiple
spin wave mode coupling with several cavity driving fre-
quencies. While the electrodynamic origin of the CMP
is known from our previous work,5 only the dispersion
and line width, and not the actual microwave transmis-
sion spectra, have been studied in this context. In Sec.
V we further apply our dynamic phase correlation model
to describe the spectral line shape and accurately repro-
duce the experimental features, explaining the physical
origin of the CMP line shape. In Sec. VI we develop a
microscopic quantum theory of the coupled spin-photon
system and discuss the approximations which lead to an
effective coupled oscillator model as studied in the pre-
vious sections. To make our models easier to use from a
practical point of view, in Sec. VII we look at the lim-
its of small damping and derive analytic expressions for
|S21 (ω) |2 and |S21 (H) |2 showing that |S21 (ω) |2 is well
described by a Lorentzian while |S21 (H) |2 is explicitly
asymmetric. Finally in Sec. VIII we show the excellent
quantitative agreement between all three models and the
dispersion and line width of the CMP.
II. TRANSMISSION SPECTRA OF THE
CAVITY-MAGNON-POLARITON
To study the CMP line shape we placed a 1 mm diam-
eter YIG sphere (Ferrisphere Inc.) inside of an in-house
cylindrical microwave cavity (2.5 cm × 2.9 cm, diameter
× height) made from oxygen free copper. As shown in
Fig. 1 (a) the cavity and YIG sample are placed inside of a
static magnetic field H, which acts as a bias for the FMR,
and the microwave transmission is then measured using
a vector network analyzer (VNA). Our cavity has been
designed to have a TM011 mode at a loaded resonance
frequency of ωc/2pi = 10.556 GHz (0.2% redshifted from
the unloaded value). The intrinsic loss rate of this mode,
β = ∆ω/ωc = 3×10−4, is determined from its half-width-
half-maximum (HWHM), ∆ω, far from coupling and cor-
responds to a loaded cavity quality of Q = 1/2β = 1700.
The TM011 mode is well separated from other TE or TM
modes (by more than 1.5 GHz) and has a circular field
profile, allowing the coupling to be maximized when the
microwave and static fields are perpendicular.12
The YIG FMR can be tuned by the H field and follows
a linear dispersion, ω = γ (H + HA), where γ = 2pi×28 µ0
GHz/T is the gyromagnetic ratio and µ0HA = −37.7 mT
is the geometry specific anisotropy field. By tuning the
FMR frequency to ωc we observe the CMP as shown by
the avoided crossing in Fig. 1 (b). Here the horizontal
and diagonal dashed lines are the uncoupled cavity and
FMR dispersions respectively. Due to the high Q, small
Gilbert damping (α = 0.8 × 10−4) and large number of
spins (Ns ≈ 5.2 × 1018) the data in Fig. 1 (b) showing
FIG. 1. Transmission of a strongly coupled cavity-magnon-
polariton (CMP) system. (a) Experimental setup: a YIG
sphere inside a microwave cavity is placed inside a static mag-
net field and the microwave transmission is measured using
a VNA. (b) The full ω − H dispersion of the CMP system
displays a large anti crossing characteristic of the strong cou-
pling regime. Horizontal and diagonal dashed lines show the
uncoupled cavity and FMR modes respectively. (c) Fixed field
and (d) frequency cuts made above, at and below the coupling
point, ωr = ωc.
|S21 (ω,H) |2 is clearly in the strongly coupled regime and
we observe a dispersion gap between the upper and lower
branches of ωgap/2pi = 63 MHz.
In Fig. 1 (c) we focus on line cuts made at fixed H,
|S21 (ω) |2. These fixed field line cuts show both branches
of the dispersion and the anti crossing behaviour can
be seen by the ωgap peak separation at the coupling
point ωr (µ0Hrc) = ωr (414 mT) = ωc where Hrc is de-
fined as the FMR field when ωr = ωc. Above (below)
the coupling point the amplitude of the upper (lower)
branch decreases sharply as the cavity mode moves away
from the FMR frequency and can no longer effectively
drive precession. Both branches have a clear Lorentz line
shape as one would expect for such a resonant process
and are observed to satisfy |S21 (ωr − δω, Hrc + δH) |2 =
|S21 (ωr + δω, Hrc − δH) |2 for the field and frequency de-
tunings, δH and δω respectively.
Turning to the fixed frequency cuts highlighted in
Fig. 1 (d), |S21 (H) |2, we see a distinctly different line
shape compared to Fig. 1 (c). First, at ω = ωc we have
a broad symmetric dip rather than a peak. However
the more striking distinction occurs when ω 6= ωc and
the transmission line shape |S21 (H) |2 becomes asym-
metric. This symmetry change occurs immediately away
from the cavity frequency, as indicated by the upper and
3lower curves in Fig. 1 (d) which are taken just 0.05 %
away from ωc. We can also see that the polarity of
this asymmetry changes above and below ωc, satisfying
|S21 (ωc − δω, Hrc + δH) |2 = |S21 (ωc + δω, Hrc − δH) |2.
The key difference between this expression and the ana-
logue for fixed fields is that ωc is field independent,
whereas ωr depends on the field. We also should note
that the additional feature near 404 mT which does not
obey this relationship, due to the coupling between the
cavity and a spin wave mode, has been studied in detail
elsewhere22 and is not of immediate interest for our line
shape discussion.
The asymmetry observed at fixed frequency is of in-
terest for two key reasons. First, at fixed frequency
|S21 (H) | can be used to study the magnetic characteris-
tics of the CMP, such as the resonance field Hr and field
line width ∆H. Previously this information has only
been examined through spin pumping.5 In order to ex-
tract this information the transmission spectra must be
fit and it is clear from Fig. 1 (d) that this cannot be done
using a Lorentz function as is usual for transmission mea-
surements. Therefore from a practical viewpoint it is im-
portant to determine the exact line shape that should be
used. Second, studies of spin rectification and spin pump-
ing in spintronic systems have previously shown that line
shape symmetries and in particular changes in line shape
symmetry reveal relevant phase information,27 in those
cases regarding the relative phase between rf electric and
magnetic fields. We speculate that understanding line
shape symmetries in the CMP system may provide new
insight into CMP phase coherence, which would be rel-
evant for the application of strong magnon-photon cou-
pling to the coherent control of spin currents. The gen-
eral description of line shape symmetries presented here
is the first step in this direction.
To summarize the key line shape features, we observe
from (c) and (d) that i) fixed H cuts are symmetric in ω
ii) the amplitude of the upper (lower) branch resonance
decreases rapidly above (below) the coupling point iii)
the fixed ω cuts have a symmetric dip at ωc but otherwise
are generally asymmetric in H and iv) the polarity of the
asymmetry in the fixed ω cuts changes above and below
ωc. These line shape characteristics are universal, having
been observed in many different FM samples and cavity
geometries and are reproduced by all three models we
now consider.
III. OVERVIEW AND HIGHLIGHTS OF THREE
CAVITY-MAGNON-POLARITON MODELS
Before describing the details of our three models, we
briefly summarize the key motivations for and highlights
of each approach.
Model I: Harmonic Coupling – In the absence of an-
harmonicity the magnon-photon system is semiclassical
and therefore the key features of the CMP should be
contained within a coupled oscillator model. Though
this may be anticipated, such an approach has never
been compared directly to the transmission spectra line
shape. While the eigenmodes of the coupled oscilla-
tor are sufficient to describe the CMP dispersion and
line width evolution, in order to model the transmission
spectra coupling to the input and output ports of the
VNA must be included. We perform such modelling and
find that the transmission spectra of the CMP, includ-
ing line shape, dispersion and damping evolution is ac-
curately described. One advantage of this approach is
a direct demonstration of the harmonic nature of recent
CMP observations. A second advantage is the ability to
easily extend the model to describe multiple cavity or
magnetic modes which has recently become a subject of
interest.21,22
Model II: Dynamic Phase Correlation – A limitation of
the harmonic oscillator model is that it does not explain
the physical origin of the CMP coupling. Our previous
work has shown that the CMP results from the dynamic
phase correlation between Ampe`re’s and Faraday’s Laws5
however only the dispersion and line width evolution has
been studied in this context. In our second model we
extend this previous work and describe the transmission
spectra based on the physical principle of dynamic phase
correlation using the technical tool of microwave circuit
theory. In this approach the physical origin of coupling is
made clear, which can again be easily extended to multi
mode systems.
Model III: Microscopic Theory – The harmonic cou-
pling and dynamic phase correlation models are both
based on a macroscopic, classical starting point. There-
fore, although these models accurately describe current
CMP observations and can even be applied to multi mode
systems, the extension to a microscopic, quantum de-
scription is not immediately available. To provide such
an approach we examine the transmission spectra based
on the microscopic quantum model for the coupled spin
and photon degrees of freedom.2,23,24 Using linear spin-
wave theory we show that the microscopic model reduces
to a system of coupled oscillator modes. The transmis-
sion line shape can then be obtained from the full spectral
function of the cavity photons. An advantage of this ap-
proach is that it can be extended step by step in order
to systematically study novel effects, such as radiative
damping.
To summarize: All three models accurately describe
the microwave transmission spectra, providing an impor-
tant tool for the analysis of strongly coupled spin pho-
ton systems. These models also provide an important
starting point for future work – the harmonic coupling
and dynamic phase correlation models can be extended
in a straightforward way to analyze multi mode systems
which are currently becoming of interest, while the micro-
scopic model can be systematically extended to examine
higher order quantum effects.
4IV. MODEL I: HARMONIC COUPLING
To model the CMP we consider the coupled oscillators
shown in Fig. 2 (a). Here two equal mass (m) oscil-
lators, labelled by 1 and 2, are coupled together via a
spring κ. Oscillator 1 represents the cavity and is con-
nected to an input plunger via a spring with resonance
frequency ωc. The plunger is driven in constant motion
so that xin(t) = xine
−iωt which produces a driving force
on oscillator 1, f(t) = ω2cxin(t). This is analogous to the
constant microwave input to the cavity by the VNA. Os-
cillator 2 represents the FMR and is attached to a fixed
wall with a spring of resonant frequency ωr. We add a
damping coefficient of β to oscillator 1 and α to oscilla-
tor 2 to model the intrinsic losses of the cavity and the
losses due to Gilbert damping respectively. There is no
damping associated with the input.
In order to extract the CMP dispersion and line width
evolution it is sufficient to set xin = 0 and solve the
corresponding eigenvalue problem; that is, the dispersion
and line width are determined solely by the coupling κ
and the uncoupled resonances and damping, ωc, ωr, β and
α. The energy absorption of the coupled oscillators can
also be calculated in a standard way using the dissipative
function of the system.31 However to determine the line
shape of the transmission spectra we need to calculate
the input and output energy of the system. This requires
the addition of an output which models the second port
of the VNA which we achieve by connecting an absorber
to oscillator 1 using a spring kout as shown in Fig. 2 (a).
The transmission through the system is then |S21|2 =
Eout/Ein where Eout and Ein are the kinetic energies of
the output and input oscillators respectively. Due to the
high quality of our cavity, the output coupling kout  1,
and in particular kout  κ. There is also no damping
associated with the output.
The equations of motion for oscillator 1, 2 and the
output are respectively
x¨1 + ω
2
cx1 + 2βωcx˙1 − κ2ω2cx2 = fe−iωt, (1a)
x¨2 + ω
2
rx2 + 2αωcx˙2 − κ2ω2cx1 = 0, (1b)
x¨out − k2outω2cx1 = 0. (1c)
Here we have defined the damping coefficients α and
β as well as the couplings κ and kout to be dimension-
less by normalizing to ωc. Additionally since kout  1
the action of the output on oscillator 1 does not need
to be included in Eq. (1) (a). Taking (x1, x2, xout) =
(A1, A2, Aout) e
−iωt, Eqs. (1) (a) and (b) can be writ-
ten in the matrix form ΩA = f where A = (A1, A2),
f = (−f, 0) and
Ω =
(
ω2 − ω2c + 2iβωcω κ2ω2c
κ2ω2c ω
2 − ω2r + 2iαωcω
)
while Eq. (1) (c) becomes
Aout = −k
2
outω
2
c
ω2
A1. (2)
FIG. 2. Results of the harmonic coupling model. (a)
Schematic illustration of the coupled oscillators. The cavity
is represented by the blue oscillator 1 while the FMR is repre-
sented by the red oscillator 2. The purple region in-between
indicates the coupling between the two systems. (b) The full
ω − H dispersion calculated according to Eq. (3) using the
experimental parameters for α, β, ωc and ωr with κ measured
from the experimental dispersion gap and the amplitude de-
termined from fitting. (c) Fixed field and (d) frequency cuts
made above, at and below the coupling point ωr = ωc calcu-
lated according to Eq. (3).
Solving for A1, A = Ω
−1f, the transmission is determined
to be
|S21|2 = Eout
Ein
= η
ω8c
ω4
|ω2 − ω2r + 2iαωωc|2
|det (Ω) |2 . (3)
Here the amplitude η = (mout/min)k
4
out depends on
the output coupling kout and also the input/output
impedance matching determined by mout/min. The de-
terminant is given by
det (Ω) =
(
ω2 − ω2c + 2iβωcω
) (
ω2 − ω2r + 2iαωcω
)−κ4ω4c .
(4)
From Eqs. (3) and (4) we can explicitly see the role of
the output absorber: it is needed to model the output
port and calculate the transmission, since the amplitude
of S21 in Eq. (3) is proportional to kout, however the out-
put plays no role in the dispersion which is determined
by the roots of the determinant in Eq. (4). These facts
also illustrate the simplicity of generalizing the model to
multiple cavity/multiple spin wave modes: the disper-
sion and line width will be determined solely from the
coupling between any cavity and spin wave modes while
5the form of the output energy needed to determine the
microwave transmission will remain the same as Eq. (2).
For comparison to the phase correlation and micro-
scopic models discussed later, it is useful to simplify
Eqs. (3) and (4) by expanding near the coupling point
ω = ωc = ωr. Near this point ω
2 − ω2r ∼ (ω − ωr) 2ωc
and therefore Eqs. (3) and (4) reduce to
|S21|2 = η ωc
ω4
|ω − ωr + iαω|2
|det (Ω) |2 (5)
and
det (Ω) =
(
ω2 − ω2c + 2iβωcω
)
(ω − ωr + iαω)− 1
2
κ4ω3c .
(6)
Comparing to Eq. (9) for the phase correlation model we
see that the key structure is exactly the same, with differ-
ences only in the coupling term which would be expected
since the coupling mechanism is implemented differently
in the two models.
To verify the agreement between our oscillator model
and the experimental CMP features we plot the full result
for |S21 (ω,H) |2 given by Eq. (4) in Fig. 2 (b) using the
experimentally determined parameters α = 0.8 × 10−4,
β = 3 × 10−4 and ωc/2pi = 10.556 GHz. We also use
a coupling strength of κ = 0.077 which is determined
experimentally from the value of ωgap (see Sec. VII A).
The value of the amplitude η = 2.3×10−10 determined by
the impedance matching is treated as a fitting parameter.
The accuracy of the dispersion and line width determined
from Eq. (3) can immediately be seen by comparing the
calculation in Fig. 2 (b) to the experimental data in Fig. 1
(b) (more will be said about the dispersion and line width
in Sec. VIII) confirming the accuracy of the harmonic
coupling model. Using the simplified results of Eq. (5)
yields similar agreement.
Eq. (3) can also be used to calculate the line cuts at
fixed field, |S21 (ω) |2 shown in Fig. 2 (c) and at fixed
frequency, |S21 (H) |2 shown in Fig. 2 (d). Comparing
the line shapes to the corresponding panels in Fig. 1 the
excellent agreement is evident. In particular all four of
the key line shape features are reproduced by our har-
monic coupling model. In Fig. 2 (c) we see that i) the
fixed H cuts are symmetric in ω and ii) the amplitude
is in good agreement with the experimental results, de-
creasing as expected above and below the coupling point
for the upper and lower branches respectively. In Fig. 2
(d) we can see that iii) at ωc |S21 (H) |2 has a symmetric
dip however above and below ωc the line shape has an
asymmetry and iv) the polarity of the line shape changes
as we pass through the uncoupled cavity mode, in good
agreement with the experimental signatures. Therefore
by modelling the FMR/cavity coupling as a set of clas-
sical coupled harmonic oscillators we are able to reliably
capture the key experimental line shape features of the
CMP.
V. MODEL II: DYNAMIC PHASE
CORRELATION
Although the key line shape features of the CMP are
captured by a model of harmonic oscillators, this general
description does not specify the physical origin of the
coupling mechanism. However recently this question has
been answered and the CMP has been shown to result
from electrodynamic coupling between cavity and FMR
resulting from Faraday’s and Ampe`re’s laws.5,12 Still,
only the CMP dispersion and line width evolution have
been investigated in this context. Here we extend this
model to explain the full microwave spectra S21 (ω,H).
To build a model centred on the physical principle of
dynamic phase correlation we use the technical tool of mi-
crowave circuit theory. S-parameters are conventionally
described using a microwave circuit theory approach32
based on the microwave frequency voltages in an RLC
circuit like the one shaded in blue in Fig. 3 (a). The
complex impedance of such an RLC circuit is
Zc =
−iL
ω
(
ω2 − ω2c + 2iβωcω
)
(7)
where ω2c = 1/
√
LC, β = ∆ω/ωc = (R/2)(
√
C/L) and
R,L,C are the resistance, inductance and capacitance of
the circuit respectively.
When a resonant ferromagnetic material is present in-
side the microwave cavity there is an additional voltage
induced due to Faraday’s law, Vx = KcLdmy/dt and
Vy = −KcLdmx/dt, which can therefore be added into
the RLC circuit, at any location, as an additional volt-
age source. Moving to a rotational frame, the induced
voltage may be written as Vind = −KcLωm+ where the
solution to the Landau-Lifshitz-Gilbert (LLG) equation
is the elliptical magnetization m+ = Cmx + imy with
C = ω0/ωr and ω0 = γH. Due to the spherical symme-
try of our YIG sample the magnetization is nearly cir-
cularly polarized, C ∼ 1, with any small deviations the
result of shape anisotropy, which in our sample is small,
HA  H.
On the other hand due to Ampe`res law the rf magnetic
field which drives the magnetization precession may be
related to the microwave current in the circuit as hx(t) =
Kmjy(t) and hy(t) = −Kmjx(t) which means that
j+ = Kmh
+ with the same definition for the elliptical
fields previously used. Therefore from the LLG equation
the magnetization is m+ = iωmKmj
+/ (ω − ωr + iαω)
where ωm = γM0. In our experiment the saturation
magnetization is µ0M0 = 176 mT. Using the magneti-
zation from the LLG equation and the harmonic time
dependence e−iωt, the induced voltage due to the FMR
coupling is Vind =
−iωmK2Lω
ω−ωr+iαω j
+ and therefore the addi-
tional impedance of the RLC circuit due to coupling is
Zm =
−iωmK2Lω
ω − ωr + iαω (8)
6making the total impedance Z = Zc − Zm. Here K2 =
KcKm is the total coupling of the CMP system which is
related to the coupling in the oscillator model as K =
κ2
√
ωc/2ωm (see the discussion of ωgap in Secs. VII A
and VII B). In our experiment this means that K ∼ κ2.
Using standard microwave network analysis32 for our
RLC circuit with the additional FMR induced voltage,
we find the transmission of the YIG/cavity system to be
S21 =
2iωcωβ˜S21 (ω − ωr + iαω)(
ω2 − ω2c + 2iβ˜ωωc
)
(ω − ωr + iαω)− ω2ωmK2
.
(9)
Here β˜ = β + β1 + β2 is the total loss rate of the cavity
which includes the intrinsic losses β, as well as the loss
rates at the input and output ports, β1 and β2 respec-
tively. S21 = 2
√
β1β2/β˜ is the maximum amplitude of
the uncoupled transmission, S21 = S21 (ω = ωc,K = 0).
The denominator of Eq. (9) is the same as the eigenvalue
equation in Ref. 5 and its roots determine the dispersion
and line width of the CMP.
Fig. 3 (b) shows the calculation of |S21 (ω,H) |2 based
on Eq. (9) using the experimentally determined parame-
ters for α, β, ωc and ωm. In this calculation we have also
used the coupling strength K = 0.006 measured from the
dispersion gap as described in Sec. VII B and determined
β˜S21 = 7.6 × 10−6 from a fit to the experimental data.
We find excellent agreement when comparing the disper-
sion and line width from Fig. 3 (b) to the experimental
data in Fig. 1 (b). This is expected since, as mentioned,
the roots of the denominator in Eq. (9) are equivalent
to the CMP eigenvalue solutions which were previously
shown to describe the dispersion.5
To check the line shapes within this model we use
Eq. (9) to calculate |S21 (ω) |2 at fixed H and |S21 (H) |2
at fixed ω as shown in Figs. 3 (c) and (d) respectively.
When these figures are compared to Figs. 1 (c) and (d)
all of the key line shape features are seen to agree. In
particular from Fig. 3 (c) we see that i) |S21 (ω) |2 is sym-
metric for all fixed H and ii) the amplitude is decreasing
as expected above and below the coupling point for the
upper and lower branches respectively. From Fig. 3 (d)
we can see that iii) |S21 (H) |2 is only symmetric at ωc
and has a dip, however immediately above and below ωc
the line shape is asymmetric and iv) the polarity of the
asymmetry changes as we pass through ωc, in agreement
with the experimental features. This excellent agreement
between the experimental line shape and the dynamic
phase correlation model further confirms that the origin
of the CMP is electrodynamic coupling and provides a
solid physical model for the analysis and fitting of the
transmission spectra in strongly coupled magnon-photon
systems.
VI. MODEL III: MICROSCOPIC THEORY
The previous two models were based on a macroscopic,
classical description. A microscopic theory, on the other
FIG. 3. Results of the phase correlation model. (a) Schematic
illustration of the RLC circuit including the voltage induced
by the FMR precession via Faraday’s law. The RLC circuit
which models the resonant properties of the microwave cav-
ity is shaded in blue while the FMR precession is shaded in
red. The purple region illustrates the electrodynamic cou-
pling between the two systems. (b) The full ω−H dispersion
calculated according to Eq. (9) using the experimental param-
eters for α, β, ωc and ωr with the coupling K determined from
the experimentally measured dispersion gap and an amplitude
determined by fitting the experimental data. (c) Fixed field
and (d) frequency cuts made above, at and below the coupling
point ωr = ωc calculated according to Eq. (9).
hand, necessarily has to be a quantum theory of the spins,
the electromagnetic field, and the spin-photon coupling.
In the following we want to develop such a theory and dis-
cuss the approximations which lead to an effective theory
of two coupled quantum harmonic oscillators.
A. Hamiltonian
For the experimentally relevant energy scales, the
physical properties of YIG can be understood in terms of
an effective spin-s Heisenberg ferromagnet on a cubic lat-
tice. The effective Hamiltonian contains both exchange
as well as dipole-dipole interactions and can be written
as33
Hs = −1
2
∑
ij
∑
αβ
[
Jijδ
αβ +Dαβij
]
Sαi S
β
j − gµBBz
∑
j
Szj .
(10)
Here Jij = J for nearest neighbors while Jij ≈ 0 other-
wise. Dαβij is the dipolar tensor. We have also included a
constant external magnetic field Bz pointing along the z-
7direction. The Hamiltonian for the microwave field inside
the cavity is simply given by
Hph = ~
∑
q
ωq(a
†
qaq + 1/2). (11)
Finally, we have to consider the coupling between the rf
field and the spins
Hint = gµB
∑
j
Bj · Sj . (12)
By B ≡ (Bx, By, 0) we denote the circular polarized rf
field which can be quantized using standard techniques29
leading to
B =
1
c
∑
q
√
~ωq
40V
[(
aqe
iq·r + a†qe
−iq·r) x̂
+ i
(
aqe
iq·r − a†qe−iq·r
)
ŷ
]
.
Here V is the cavity volume and 0 is the vacuum per-
mittivity. Note that we have not attempted to expand
the field in a basis which takes the proper boundary con-
ditions due to the shape of the cavity into account but
rather assumed that we can approximate the field in a
plane-wave basis near the position of the sample. Using
the ladder operators S±j = S
x
j ± iSyj the interaction be-
tween the spin and the photon system, Eq. (12), can then
be written as
Hint =
gµB
c
∑
j,q
√
~ωq
40V
(
aqS
+
j e
iq·rj + a†qS
−
j e
−iq·rj) .
(13)
The microscopic quantum Hamiltonian of the spin-
cavity system is therefore given by H = Hs+Hph +Hint.
In good approximation only the lowest magnon band
of the Hamiltonian (10) is important. We can therefore
apply linear spin-wave theory to simplify the problem.
The spin operators are expressed in terms of bosonic op-
erators b(†) in the following way
Szj = b
†
jbj − s, S+j =
√
2sb†, S−j =
√
2sbj . (14)
Using a Fourier transform bj =
1√
Ns
∑
k bke
ikr the Hamil-
tonian of the spin-cavity system then reads
H = ~
∑
k
ωsk(b
†
kbk + 1/2) + ~
∑
q
ωq(a
†
qaq + 1/2)
+ ~
√
Nsαc
∑
k
(akb
†
k + a
†
kbk) (15)
with a coupling constant
αc =
gµB
~c
√
s~ωq
20V
. (16)
Here ωsk is the magnon dispersion. In linear spin-wave
theory we therefore obtain a system of coupled harmonic
oscillator modes.
FIG. 4. Results of the Green’s function formalism. (a) Scat-
tering of a photon off an FMR magnon. (b) The geometric
series of diagrams can be summed to obtain the cavity photon
Green’s function (25). (d) The full ω − H dispersion calcu-
lated according to Eq. (26) using the experimental parame-
ters for α, β, ωc and ωr with the coupling αc determined from
the experimentally measured dispersion gap and an ampli-
tude determined by fitting the experimental data. (d) Fixed
field and (e) frequency cuts made above, at and below the
coupling point ωr = ωc calculated according to Eq. (26).
A further drastic simplification can be achieved if we
consider only a single cavity mode ωc and only the FMR
mode ωsk→0 = ωr. In this case, we end up with a Dicke
model (or Tavis-Cummings model)
H = ~ωrb†b+ ~ωca†a+ ~
√
Nsαc
(
ab† + a†b
)
(17)
which is an Ns-spin version of the Jaynes-Cummings
model.34 The model describes two coupled quantum har-
monic oscillators: one associated with the Dicke spin
and the other with the electromagnetic field. Note that
the excitation number M = a†a + b†b is conserved,
[H,M ] = 0. The Hamiltonian (17) can be diagonalized
by a Bogoliubov transformation
a = − sinβc1 + cosβc2, b = cosβc1 + sinβc2 (18)
where c1,2 are two new bosonic operators. The angle β
which diagonalizes the problem is given by tan(2β) =
2
√
Nsαc/(ωc − ωr). The eigenspectrum εn,j = ~ωn,j of
the coupled oscillators is given by
ωn,j =
ωc + ωr
2
n+ j
√
(ωr − ωc)2 + 4Nsα2c (19)
with n = 0, 1, · · · , Ns and j ∈ [−n2 , n2 ]. The lowest po-
lariton modes (n = 1) are, in particular, given by
8ω± =
1
2
[
ωc + ωr ±
√
(ωr − ωc)2 + 4Nsα2c
]
. (20)
B. Transmission
We are interested in calculating the microwave trans-
mission through the cavity. This can be understood as
a scattering problem and we require the matrix element
S21 of the scattering matrix S. For an incoming state |i〉
and and outgoing state |f〉 we can relate the S matrix to
the T matrix by
〈f |S|i〉 = δfi + 2piiδ(Ef − Ei)〈f |T |i〉. (21)
If we couple our cavity to a microwave field we have
to consider an open quantum system where the mi-
crowave photons form a ’bath’ coupling for the cavity
photons. By integrating out the bath photons we obtain
T (ω) ∼ λ2Dret(ω) where λ is the coupling constant be-
tween microwave bath and cavity photons (assumed to
be frequency independent) and Dret(ω) is the retarded
Green’s function of the cavity photons. I.e., the transmis-
sion can be calculated from the properties of the spin-
cavity system alone.35 For the transmission amplitude,
Eq. (21) implies t(ω) = 2piiρ(ω)T (ω) where ρ(ω) is the
density of states of the external microwave photons.36 If
we assume ρ(ω) to be constant near the resonance fre-
quency and ignore the asymmetric contribution from the
real part of the Green’s function we obtain
|S21(ω)|2 ∝ − ImDret(ω). (22)
The measured transmission spectra is therefore approxi-
mately given by the spectral function of the cavity pho-
tons.
C. Photon Green’s function
For the decoupled system—Eq. (17) with αc = 0—the
Matsubara Green’s function for the photons is given by
D(0)(iωn) = 〈(a+ a†)(a+ a†)〉(iωn) (23)
=
1
iωn − ωc + iΓc −
1
iωn + ωc + iΓc
and for the magnons by
F (0)(iωn) = 〈(b+ b†)(b+ b†)〉(iωn) (24)
=
1
iωn − ωr + iΓr −
1
iωn + ωr + iΓr
.
Here we have introduced two damping rates: Γc related
to cavity losses and Γr due to the intrinsic Gilbert damp-
ing of the FMR resonance. We will not try to calcu-
late Γc,r but rather use them as fitting parameters. The
Green’s function of the cavity photons for the coupled
system, Eq. (17), can be obtained straightforwardly by
expressing the photon creation and annihilation opera-
tors in terms of the diagonal basis c
(†)
1,2 using the Bo-
goliubov transform (18). An alternative way to obtain
the full Green’s function D(iωn) is to calculate the pho-
ton self energy from Dyson’s equation. For the Dicke
model there is only a single photon-magnon diagram so
that the scattering series can be calculated exactly, see
Fig. 4(a,b). The result for the retarded Green’s function,
obtained after analytic continuation, is given by
Dret(ω) =
(
ω − ωc + iΓc − Nα
2
c
ω − ωr + iΓr
)−1
−
(
ω + ωc + iΓc − Nα
2
c
ω + ωr + iΓr
)−1
. (25)
The final result for the transmission spectra therefore is
|S21|2 ∝ −ImDret(ω) (26)
=
Γc +
Nα2cΓr
(ω−ωr)2+Γ2r(
ω − ωc − Nα2c(ω−ωr)(ω−ωr)2+Γ2r
)2
+
(
Γc +
Nα2cΓr
(ω−ωr)2+Γ2r
)2 − Γc + Nα
2
cΓr
(ω+ωr)
2+Γ2r(
ω + ωc − Nα2c(ω+ωr)(ω+ωr)2+Γ2r
)2
+
(
Γc +
Nα2cΓr
(ω+ωr)
2+Γ2r
)2 .
We define the proportionality constant to be S
2
21Γc where
S21 = S21 (αc = 0, ω = ωc).
Fig. 4 (c) shows the calculation of |S21 (ω,H) |2 based
on Eq. (26) using the experimentally determined param-
eters for α, β and ωc taking Γr = ωcα and Γc = ωcβ.
In this calculation we have also used the amplitude
S21 = 0.048, determined from a fit to the experimental
data, and the coupling strength
√
Nsαc = 32 MHz mea-
sured from the dispersion gap as described in Sec. VII C.
We note that the value of 32 MHz agrees very well with
the value of 37 MHz calculated directly from Eq. (16).
We find excellent agreement when comparing the disper-
sion and line width from Fig. 4 (c) to the experimental
data in Fig. 1 (b). Figs. 4 (d) and (e) show |S21 (ω) |2
at fixed H and |S21 (H) |2 at fixed ω respectively. When
these figures are compared to Figs. 1 (c) and (d) all of
the key line shape features are seen to agree. In particu-
lar from Fig. 4 (d) we see that i) |S21 (ω) |2 is symmetric
for all fixed H and ii) the amplitude is decreasing as ex-
pected above and below the coupling point for the upper
and lower branches respectively. From Fig. 4 (e) we can
see that iii) |S21 (H) |2 is only symmetric at ωc and has
9a dip, however immediately above and below ωc the line
shape is asymmetric and iv) the polarity of the asymme-
try changes as we pass through ωc, in agreement with the
experimental features.
VII. LINE SHAPE SIMPLIFICATION
While the transmission functions in Eq. (3), Eq. (9)
and Eq. (26) accurately describe the CMP line shape,
these equations are not simple Lorentz and asymmetric
functions. This is expected, since even in the simple RLC
case without the FMR induced voltage, the S parameters
are only Lorentzian when expanded near the resonance
frequency.37 In order to provide a further simplified equa-
tion for the fitting of experimental data we now expand
these equations near the coupled resonances.
A. Model I: Harmonic Coupling
To simplify the line shape we first need an analytic
approximation for the eigenmodes. Since the losses are
very small, α, β  1, the damping has a negligible ef-
fect on the dispersion and can be safely ignored so that,
denoting the upper and lower branches by ω+ and ω−
respectively, the roots of Eq. (6) near the coupling point
ω = ωc are
ω± =
1
2
[
(ωr + ωc)±
√
(ωc − ωr)2 + κ4ω2c
]
. (27)
This approximation is in excellent agreement with the
numerical results shown in Fig. 6 (a). An important ap-
plication of Eq. (27) is to determine the dispersion gap.
Setting ωr = ωc we find ωgap = ω+ − ω− = κ2ωc. This
allows the coupling strength κ to be easily determined
directly from the experimental data, without any fitting.
Expanding Eq. (5) to second order near the CMP
eigenmodes,
|S±21 (ω) |2 =
N±0 +N
±
1 (ω − ω±) +N±2 (ω − ω±)
D±0 +D
±
1 (ω − ω±) +D±2 (ω − ω±)
(28)
where S+21 and S
−
21 are the expansions near the upper and
lower branches respectively. For |ωr−ω±| < βωc we find
that D±1 ≈ 0 and N±0 >> N±1 , N±2 which means that
the transmission near either resonances, ωe = ω± can be
written as
|S21 (ω) |2 = A ∆ω
∆ω2 + (ω − ωe)2
. (29)
This shows that, within the oscillator model, at fixed field
the line shape of the CMP near resonance, |S21 (ω) |2, is
simply Lorentzian.
The condition |ωr − ω±| < βωc ensures that the CMP
eigenmode is sufficiently separated from the uncoupled
FMR frequency. This is required to avoid any unwanted
distortions from the expected Lorentzian line shape.
Eq. (3) shows that the full expression for |S21 (ω,H) |2
has an antiresonance (minimum) when ω = ωr which can
cause a distortion in the line shape as ω± approaches ωr.
This effect is accentuated by the fact that at this point
the amplitude is already greatly diminished. In our case
this constraint corresponds to µ0H < 426 mT for the up-
per branch and µ0H > 402 mT for the lower branch. In
these regimes the transmission amplitude is too small to
perform reliable fits, being several orders of magnitude
smaller than the main resonance, and therefore in prac-
tice the distortion due to antiresonance does not limit the
applicability of Eq. (29) and the use of Lorentzian fits.
To perform a similar analysis for |S21 (H) |2 we simply
solve for the ωr roots of the determinant in Eq. (4) and
expand |S21 (ω,H) |2 to second order near this point. The
form of the expansion is the same as the one just given
in Eq. (28). Again in this case D0 ≈ 0, however N1 and
N2 are no longer negligible. This means that |S21 (H) |2
has the form
|S21 (H) |2 = A (q∆ω + ω − ωe)
2
(ω − ωe)2 + ∆ω2
. (30)
The simplification can be used in order to fit the
|S21 (H) |2 cuts, taking A, q, ω and ωe as fitting parame-
ters. The parameter q is a function of α, β, ωc and ω and
controls the degree of asymmetry. It is approximately
linear over the narrow frequency range where coupling
is observed and its most important characteristic is that
q (ω < ωc) < 0, q (ω = ωc) = 0 and q (ω > ωc) > 0. This
accounts for the change in symmetry observed in Fig. 1
(d).
B. Model II: Dynamic Phase Correlation
The procedure to simplify Eq. (9) is the same as that
used in the previous subsection. In this case, near the
coupling point ω = ωc and for small coupling and damp-
ing, K2, α, β  1, we can approximate the eigenvalues
by
ω± =
1
2
[
ωr + ωc ±
√
(ωc − ωr)2 + 2K2ωmωc
]
. (31)
Note that small K2 here means small compared to 1,
not small compared to α and β so this approximation
is still valid within the strong coupling regime. Again
this analytic expression for the eigenmodes allows us to
determine the dispersion gap, ωgap = K
√
2ωmωc, which
enables the electrodynamic coupling strength to to be
determined directly from the experimental data without
treating it as a fitting parameter.
Expanding near the eigenmodes the behaviour for the
expansion coefficients is the same as that found for the
harmonic coupling model, and therefore it is again appro-
priate to use the Lorentz line shape in Eq. (29) to fit the
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constant field cuts, |S21 (ω) |2, and to use the asymmetric
line shape in Eq. (30) to fit the constant frequency cuts,
|S21 (H) |2.
C. Model III: Microscopic Theory
Again, to simplify Eq. (26) we take the same approach.
The spectral function of the cavity photons is peaked at
the polariton modes ω±, see Eq. (20), for small damp-
ing. Eq. (20) is exactly the same as Eq. (31) with
ωgap = 2
√
Nsαc which means that αc = K
√
ωmωc
2Ns
. Ex-
panding near the eigenmodes the behaviour for the ex-
pansion coefficients is the same as that found for the pre-
vious models, and therefore it is again appropriate to use
the Lorentz line shape in Eq. (29) to fit the constant field
cuts, |S21 (ω) |2, and to use the asymmetric line shape in
Eq. (30) to fit the constant frequency cuts, |S21 (H) |2.
With analytic forms of the dispersion, the coupling pa-
rameters of each model can be related,
ωgap =
gµB
~c
√
2sNs~ωc
0V
= κ2ωc = K
√
2ωmωc.
In particular this allows us to determine the coupling
strengths of the classical oscillator and phase correlation
model in terms of the microscopic parameters,
FIG. 5. Cavity-magnon-polariton dispersion and line width
compared to the oscillator model. (a) The resonance position
and (b) the line width (HWHM) determined from |S21 (ω) |2.
Symbols are fit results according to Eq. (29) while the solid
curves are calculated by finding the complex ω˜n roots of
Eq. (4). Horizontal and diagonal dashed lines in (a) indi-
cate the uncoupled cavity and FMR dispersions respectively.
(c) The resonance position and (d) the line width determined
from |S21 (H) |2. Symbols are fit results according to Eq. (30)
while the solid curves are calculated by finding the complex
H˜n root of Eq. (4). Vertical and diagonal dashed lines in (c)
indicate the uncoupled cavity and FMR dispersions respec-
tively.
κ2 =
gµB
~c
√
2sNs~
0ωcV
, K =
gµB
~c
√
sNs~
0ωmV
.
VIII. DISPERSION AND LINE WIDTH
To quantitatively confirm both the applicability of the
line shape approximations described in the previous sec-
tion, and the accuracy of the dispersion and line width
in each model, we have fit the full experimental data set
for both fixed ω and fixed H. The symbols in Fig. 5
and Fig. 6 (a) and (b) show the fitting results for the
dispersion and HWHM according to the Lorentz func-
tion in Eq. (29). The open symbols in both (a) and (b)
correspond to the high frequency branch while the solid
symbols correspond to the low frequency branch. The
horizontal and vertical dashed lines in (a) are the uncou-
pled cavity and FMR dispersions respectively.
The solid curves in Fig. 5 (a) and (b) are solutions for
the roots of the determinant in Eq. (4) from the oscil-
lator model while the solid curves in Fig. 6 (a) and (b)
are solutions for the roots of the denominator in Eq. (9)
from the phase correlation model which are identical to
the Green’s function calculation (which is therefore not
FIG. 6. Cavity-magnon-polariton dispersion and line width
compared to the phase correlation model. (a) The resonance
position and (b) the line width (HWHM) determined from
|S21 (ω) |2. Symbols are fit results according to Eq. (29) while
the solid curves are calculated by finding the complex ω˜n roots
of the denominator in Eq. (9). The horizontal and diagonal
dashed lines in (a) indicate the uncoupled cavity and FMR
dispersions respectively. (c) The resonance position and (d)
the line width determined from |S21 (H) |2. Symbols are fit
results according to Eq. (30) while the solid curves are calcu-
lated by finding the complex H˜n root of the denominator in
Eq. (9). The vertical and diagonal dashed lines in (c) indi-
cate the uncoupled cavity and FMR dispersions respectively.
Note that the solid curves shown here for the phase correla-
tion model are exactly the same as those calculated in the
microscopic theory using the Green’s function formalism.
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shown). In both cases ωn = Re (ω˜n) with n = 1, 2 la-
belling the two complex solutions ω˜n and ∆ωn = Im (ω˜n).
There is excellent agreement between the fit results and
the expected dispersion and line width evolution, with
the damping of the system evolving between the pure
cavity loss rate of β = 0.03% and the pure YIG loss rate
of α = 0.008% (the limiting behaviour of these fits is
the experimental method used to determine the Gilbert
damping).
As expected we see that the damping of the upper and
lower branches is the same, and equal to the average loss
rate (β + α) /2 at the coupling point ωr = ωc.
The resonant position and HWHM at fixed frequency
are shown in Fig. 5 and Fig. 6 (c) and (d) determined
from the |S21 (H) |2 fits using Eq. (30). The vertical
and diagonal dashed lines in (c) show the uncoupled cav-
ity and FMR dispersions respectively. The complex H˜n
roots of Eq. (9) (n = 1) are shown as solid curves in (c)
and (d) with Hn = Re(H˜n) and ∆Hn = Im(H˜n). Again
(c) and (d) show good agreement between the theoreti-
cal curves from both the oscillator model and the circuit
theory model with the experimental data.
IX. CONCLUSIONS
We have presented a detailed study of the cavity-
magnon-polariton microwave transmission line shape
measured by inserting a magnetically ordered material
into a microwave cavity. At fixed field we found that the
transmission |S21 (ω) |2 has symmetric resonances while
the fixed frequency line shape |S21 (H) |2 is generally
asymmetric and the polarity of this asymmetry can be
controlled by the driving microwave frequency. These
line shape observations are important to extract the mag-
netic characteristics of the CMP (Hr and ∆H) from the
transmission spectra and may play a role in the phase
coherent control of the CMP.
To describe our observations we developed three
models of the CMP. First, for the first time we directly
compared the transmission spectra to a coupled oscilla-
tor model and found that all of the important line shape
features are accurately described. Second, we explored
the detailed physical nature of this coupling and found
that the unique CMP line shape has a classical electro-
dynamic origin which can be implemented quantitatively
using microwave circuit theory. Finally we performed a
Green’s function calculation in a microscopic quantum
model. In linear spin-wave theory and taking only the
FMR and a single cavity mode into account we again
found an accurate description of the CMP line shape.
In addition to the excellent line shape agreement, all
three models accurately describe the dispersion and line
width evolution of the CMP and allow the coupling
strength to be extracted directly from the dispersion
gap, meaning that the important coupling parameter
can be determined without fitting. In the low damping
limit where strong coupling experiments are performed,
each model provides the same simple analytic line shape
formula which can be used to quantitatively analyze
a wide range of strongly coupled spin-photon systems
currently employed within the community. Due to these
advantageous features we believe that the experimental
observations and theoretical approaches we have pre-
sented provide a useful quantitative tool to describe
currently studied strongly coupled spin-photon systems
and can be easily extended to multi mode systems or to
include higher order interaction terms. By explaining
the CMP line shape these models provide a step towards
further coherent control of the cavity-magnon-polariton.
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